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Abstract

We present a hierarchical ordinal model for analyzing single-case designs (SCDs), with a
focus on treatment-reversal designs. SCDs involve systematic measurement of outcomes for
individual cases across different conditions or phases, aiming to establish causal relations
between interventions and behavioral changes. While visual analysis is a common approach
in SCDs, the field is increasingly adopting quantitative effect size metrics, such as
non-overlap indices, to supplement visual examination. However, statistical theory
supporting the use of these indices remains underdeveloped. To address this gap, we
developed a Bayesian hierarchical ordinal model that enables the estimation of case-specific
non-overlap indices. Through simulation studies, we demonstrate that these indices are
more accurate than those obtained via standard approaches. Moreover, the model can
generate parametric indices with greater accuracy than standard methods. To facilitate the
adoption of this model, we provide an R package (ssrhom) for model estimation. This
contribution aims to enhance the analysis and interpretation of SCDs, ultimately
advancing our understanding of the efficacy of interventions and promoting evidence-based
decision-making.

Keywords: single-case design, hierarchical modeling, ordinal regression, effect sizes,

non-overlap of all pairs, proportion exceeding median
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A hierarchical ordinal regression model for treatment-reversal designs with

application to non-overlap effect sizes

Single-case designs (SCDs) represent a crucial methodology in behavioral sciences,
particularly in special education and applied behavior analysis. These designs involve
systematic measurement of outcomes for individual cases across different conditions or
phases, enabling researchers to establish causal relations between interventions and
behavioral changes (Horner et al., |2005). The intensive longitudinal nature of SCDs makes
them particularly valuable for studying low-incidence populations and evaluating
individualized interventions where group designs may be impractical or inappropriate
(Gast & Ledford, 2014)). Their ability to accommodate individual variability while
maintaining experimental control has established SCDs as a cornerstone methodology for
developing evidence-based practices in educational and behavioral interventions (Maggin,

Lane, & Pustejovsky, 2017)).
Visual Analysis and Effect Sizes in Single-Case Research

The analysis of SCD data has historically relied on visual analysis, involving
systematic examination of patterns in level, trend, and variability across phases (Gast &
Ledford, |2014)). While visual analysis remains fundamental to single-case research, the field
has increasingly recognized the need for indices or quantitative effect size measures to
complement these visual methods (Maggin & Odom, [2014). This shift has been driven by
several factors: the need for objective metrics to support meta-analysis, the growing
emphasis on effect size reporting in evidence-based practice standards, and the desire for
more precise quantification of intervention effects (Maggin, Cook, & Cookl [2019). Among
various effect size measures, non-overlap indices have gained particular prominence due to
their conceptual alignment with visual analysis principles and their interpretability for
practitioners (Parker, Vannest, & Davis, 2011). Non-overlap indices quantify the extent to
which data points in one phase (e.g., baseline) do not overlap with data points in another

phase (e.g., intervention).
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Limitations in E ect Size Inference

Current approaches to computing and interpreting e ect sizes in SCDs, particularly
non-overlap indices, face several methodological limitations. Measures like percentage of
non-overlapping data (PND; Scruggs, Mastropieri, & Casto, 1937), non-overlap of all pairs
(NAP; Parker & Vannest, |2009), percentage of data points exceeding the median (PEM;
Mal, 2006), and Tau-U (Parker, Vannest, Davis, & Sauber, 2011) are widely used, but their
utility is constrained by statistical and methodological issues that undermine their
accuracy and interpretability. Some of the critical limitations include the inability of most
non-overlap indices to produce reliable measures of parameter uncertainty, such as standard
errors (SE) or con dence intervals, which are essential for making rigorous inferences about
intervention e ectiveness and the sensitivity of the e ect sizes measures to trends, ceiling

e ects, or outlying data points (Shadish, 2014a; Shadish, Rindskopf, & Hedges, 2008).

For instance, PND, which measures the percentage of data points in the treatment
phase that exceed the highest data point in the baseline phase (Parker, Vannest, & Davis,
2011), is simple to calculate and widely used due to its alignment with visual analysis.
However, it focuses on the highest baseline data point, making it highly sensitive to outliers
and sensitive to the number of baseline observations (Allison & Gorman, 1994). Moreover,
PND lacks statistical rigor as it does not account for trend within phases and does not
have a method to calculate SEs or con dence intervals, which limits its application in

meta-analytic contexts (Kratochwill et al., 2013; Parker, Vannest, & Davis, 2011).

PEM o ers another approach by examining the proportion of intervention data
exceeding the median of baseline. While computationally straightforward, PEM similarly
su ers from sensitivity to data distributions and lacks methods for estimating SEs,
reducing its reliability in studies with skewed or highly variable data|(Parker, Vannest, &

Davis, 2011).

NAP compares every data point in one phase with every data point in another to

assess overlap, with a higher NAP indicating a more e ective intervention (Parker,
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Vannest, & Davis, 2011). Among non-overlap indices, NAP stands out for its ability to
generate con dence intervals through established methods; however, these calculations rely
on the assumption of independent observations a condition that is often violated in SCDs
due to autocorrelation or serial dependency in repeated measurements (Barnard-Brak,
Watkins, & Richman, 2021). Ignoring this dependency can lead to overly optimistic

con dence intervals and biased e ect size estimates (Kratochwill et al., 2013).

We intend to address the aforementioned issues in this paper by proposing a model
that returns accurate non-overlap e ect sizes. However, we focus only on the PEM and
NAP (and Tau-U by extension since Tau-U=2  NAP 1). We focus on this subset of
non-overlap e ect sizes because most other non-overlap e ect sizes do not have stable
parameter de nitions, i.e., these e ect sizes, to a large extent, depend on the number of
observations in each phase (Pustejovsky, 2019).

We also note that the challenges with estimating non-overlap e ect sizes should not
cause methodologists to discard them as tools for understanding results in SCD studies. As
earlier mentioned, these e ect sizes re ect visual analysis, which is fundamental to SCD
research. Additionally, there are reasons to believe that non-overlap e ect sizes are easier
to understand than standard parametric e ect sizes. For example, McGraw and Wong
(1992) describe the NAP as @aommon language e ect sizas it is "better than the available
alternatives for communicating e ect size to audiences untutored in statistics. In fact,
when Cohen presented the standardized mean di erence (SMD), he converted the SMD to
percentage overlap to make the SMD more intuitively compelling and meaningful' (Cohen,
1988, sec. 2.2.1). Finally, there is also empirical evidence to suggest that non-overlap e ect
sizes are easier to understand than standard parametric e ect sizes (Brooks, Dalal, &

Nolan, 2014).
Hierarchical Ordinal Modeling for Computing ES

Although researchers have proposed various solutions to challenges with computing

e ect sizes for SCD (e.g., Rindskopf, 2014b; Shadish, Zuur, & Sullivan, 2014;
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Swaminathan, Rogers, & Horner, 2014), there remains a need for a method to address
these limitations simultaneously (Shadish, 2014a). An ideal method would (a) account for
data patterns, including time trends, (b) incorporate all available data, (c) rely on

appropriate distributional assumptions, and (d) address serial dependence in repeated
measurements (Horner, Swaminathan, Sugai, & Smolkowski, 2012; Shadish, 2014b; Swan &
Pustejovsky, 2018; Wolery, Busick, Reichow, & Barton, 2010). In response to this need, we
proposed and tested a Bayesian hierarchical ordinal model for computing SCD e ect sizes.
Although our model addresses many of these challenges, it does not address time trends.
However, as this is an initial presentation of this approach, we follow precedent in omitting
trend e ects at this stage, as seen in other foundational work (e.g. Hedges, Pustejovsky, &

Shadish, 2013; Pustejovsky, 2018).

Below, we discuss aspects of the model that lead us to believe our approach is

promising for analyzing SCDs.

Bayesian modeling. First, we apply Bayesian modeling tcaugment the
information in likelihood or data (Levy & McNeish, 2023). SCD data tend to be limited in
sample size, resulting in relatively weak information in the data. For this reason, modelling
such data can lead to ine cient estimates. To elaborate, a model for such data may result
in unbiased estimates, but the data are limited, so the estimates are noisy or imprecise.
Hence, we use priors to stabilize the estimation of model parameters. These priors might
bias parameters, but overall, the increased stability of parameters should lead to more

precise estimates in each sample and more accurate estimates on average.

Hierarchical nature of model. Second, the hierarchical nature of the model
enables more precise estimation of e ect sizes through principled information sharing across
cases, while providing case-speci ¢ estimates. This is a common feature of methodological
recommendations for analyzing SCD (e.g., Hedges et al., 2013; Moeyaert, Ferron, Beretvas,

& Van den Noortgate, 2014; Rindskopf, 2014a; Shadish, 2014b; Shadish et al., 2014).
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Ordinal regression. Third, our approach leverages a exible ordinal framework,
which respects the ordinal nature of most behavioral measurements (Cli, 1993), while
accommodating autocorrelation structures common in SCD data. SCD data are often
limited, making it di cult to verify distributional assumptions. For example, SCD data
may be bounded counts. An example is the study by Tasky, Rudrud, Schulze, and Rapp
(2008), which counted the number of times, across six trials, that individuals with
traumatic brain injury remained on task. Therefore, the data were guaranteed to be counts
between 0 and 6 inclusive. There are several candidate models for such data: binomial,
beta-binomial, or binomial with observation-level random e ects. In such situations, the
choice of model impacts the results, as data generated according to one model can yield
inaccurate inferences when analyzed by another model (Harrison, 2015). A similar
phenomenon occurs with unbounded counts (e.g., the number of times a participant
displayed a behavior within a set time interval), where using the incorrect distribution leads
to inaccurate inference (Harrison, 2014; Wooldridge, 2010). In contrast, ordinal regression
handles issues that arise with counts, such as under- or over-dispersion, boundedness, and
heaping, because it directly models the conditional distribution of the data (Kowal & Wu,
2023; Valle, Ben Toh, Laporta, & Zhao, 2019). In general, for a given dataset, there will be
several potential reasonable parametric distributions, and SCD data may be too weak to
identify the correct one, assuming the correct choice is among the candidates. Ordinal
regression functions as a semi-parametric regression approach that can model the
conditional distribution of the data, regardless of its shape (Liu, Shepherd, Li, & Harrell,
2017; Valle et al., 2019). Moreover, the proportional odds model, the most common ordinal
model, is equivalent to the standard non-parametric Mann-Whitney test in the two-group
comparison case (Whitehead, 1993). If we trust the Mann-Whitney test in the two-group
case for atypical data, then ordinal regression provides a way to generalize the robustness

of the Mann-Whitney test beyond the two-group situation. The major requirement for the
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adequacy of ordinal regression is that the data are unidimensionalf the data are
unidimensional, then they are also ordinal, but may not be any of the parametric
distributions routinely used in applied statistical analysis. The impact of distributional
assumptions especially matters to us because we are using Bayesian modeling, which
adheres to the likelihood principle (Berger & Wolpert, 1988): only information transmitted
through the likelihood impacts the analysis. Therefore, the wrong choice of distribution
would easily yield inadequate Bayesian inference, without clear options for robust-variance
corrections (MacKinnon & White, 1985) or quasi-likelihood adjustments (Wedderburn,
1974) common in frequentist analysis. In summary, SCD data are often limited, making it
di cult to determine the correct distribution; under such circumstances, our approach to

ordinal regression should yield reliable estimates when applied to SCD data.

E ect size estimation. Finally, since we expect the model to accurately capture
the distribution of the data, we can con dently compute several e ect sizes after model
estimation. This includes standard parametric e ect sizes such as the SMD, and the
non-overlap e ect sizes that we focus on, the NAP and PEM. Additionally, Bayesian
modeling allows us to obtain the distributions for each e ect size, enabling more nuanced
inference and uncertainty estimation. The choice of ordinal regression is again important
here. It is possible to compute non-overlap measures from standard parametric models
(e.g., Kotz, Lumelskii, & Pensky, 2003; McGraw & Wong, 1992), but the measures will be

inaccurate if the parametric model is wrong (Li, 2015; Vargha & Delaney, 2000).

Overall, the theoretical validity of this approach rests on two key assumptions: (1)
cases within a study share enough similarities to inform each other's estimates while
maintaining individual di erences, and (2) behavioral measurements, when assumed
unidimensional, are also ordinal. While the primary focus of this study was on treatment

reversal designs (e.g., ABAB), the framework has potential applications to other single-case

! One violation of undimensionality would be data arising from mixtures, e.g., data with zero in ation.
With zero-in ation, ordinal regression assumes a hurdle process as opposed to a mixture model.
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design structures such as multiple baseline designs.

All code for simulation studies and data analyses is available at

https://osf.io/e5cwg/
Hierarchical ordinal model
Data generation process

We begin by assuming a multivariate normal latent variablez, for case

zZe N 1( o ) o= ¢t ¢ Xets i = I jjfori;j 211;:::;Tg;
(1)
¢ N (o )i ¢ N (o )

wherex.. is an indicator for a treatment phase measurement. The case-speci ¢ mean on the
latent scale is dependent on a normal hierarchical model, with separate random e ects on
both the case baseline level,., and the case treatment e ect, .. Precisely, we assume a
single treatment e ect across AB pairs. The data within a case are autocorrelated af

and the scale matrix, , has unit diagonal for model-identi cation purposes.

Let y. represent the observed outcome. We assume that is a discretized version

increasing order such thatu; <u, < <ur. We relax the proportional odds assumption
of common ordinal models and permit separate thresholds by treatment phase, allowing
di erent distributions for control and treatment data (McCullagh, 1980; Peterson &
Harrell, 1990). Hence, the discretization process is based on the valuexgf which
determines which vector of thresholds, @ = f @;:::; @ gor @ =f Py @ gis
applied. Speci cally, if X =0, we use @, and if x, =1, we use W, The discretization

process follows:
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8
Uy if Ze (xat)
i if §<zg 5
Yet = (2)
§UR L if R <zg £

i (Xet)
UR If th > RCtl

Equations 1 and 2 provide an almost complete data generation process for SCD
data. The data for each case are discrete realizations of a multivariate normal distribution.
The cases may have di erent baselines and treatment e ects, but have the same structured
autocorrelation matrix. The data are then discretized using separate thresholds for the
control and treatment phases. This DGP is not complete because the origin of the unique
values, u., is unclear. One can think of them as impacts of the measurement instrument.
For example, assuming the unique values represent counts of a behavior, one can describe
the propensity for that behavior as latent ), with higher propensities resulting in more
instances of the behavior. In practice, we do not generate data according to this model; we

use it only to analyze real data for which the unique values are already available.

However, this model should be a fairly robust base for estimating average baseline
and treatment levels in multi-case treatment-reversal data, under the simplifying
assumption of no time trend within phase. In practice, the data are transformed to (dense)
ranks after which the multivariate probit model above can be applied. The model is able to
capture di erences by treatment phase in location (given ;) and distributions, thanks to
the use of two threshold vectors. The model is also able to capture autocorrelation (given

) under the assumption that autocorrelation is identical across phases and cases, though

this assumption may be relaxed.
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Computing e ect sizes

The model can be used to compute several e ect sizes of interest to single-subject
researchers. To compute these e ects, we rst need to compute the case-wise probability

mass function (PMF) in each phase:

8
% @ 0 d . ifr=1

Pr(yee = Ur j Xot = d) = % (d) c d ¢ Ed)l . d . ifi<r<r 3
°1 Wy d ¢ if r = R

whered is either O (control) or 1 (treatment), and ( ) is the standard normal distribution
function. E ect sizes depend on the distribution of the data, so researchers can compute
any e ect size of interest from the case-wise and phase-wise PMFs. We show some

examples below.

Means and quantities based on means.  The phase mean for caseis given by

_ ¥ h _ i
Elycet j Xet = d] = U Pr(Ye = Ur j Xor = d)

r=1

The case-wise mean di erence may then be calculated. The phase variance for casan

also be computed as:

X h i
Var(Yet j Xet = d) = (U E[Yet ] Xet = d])2 Pr(yce = Uy J Xt = d)

r=1

The phase means and variances can be combined to compute case-wise standardized mean
di erences. Whenu; 0 such as for counts, the log rate ratio assuming an increase in

the rate is desirable is (e.g., Pustejovsky, 2015):

Log rate ratio = log (E[yc j Xet = 1) l0g (Elyct j Xet = 0])

Whenu; Oandug 1 such as for proportions, the log odds ratio is (e.qg.,
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Pustejovsky, 2015):

Log odds ratio= Log rate ratio+1og (1 E[yc j Xt =0]) log(1 E[ye | Xet = 1))

Medians. The phase median for caseis:
Median(yct j Xt = d) =

8
Eul if Pr(ye = U] X =d)> 05

-§ur where Pr(yee U jXg=d) O05and Pr(yq U 1jXg=d)< 05

after which quantities like the case-wise log ratio of medians or median di erences can be
calculated.
Non-overlap of all pairs.  Assuming an increase is desirable, the case-wise

non-overlap of all pairs (NAP) would be (e.g., Vargha & Delaney, 2000):
2 3

R gPr(Yee = Ur jXet =0) Pr(yee > Uy jXet = 1)
NAP = § Z

r=l +0:5 Pr(yee = U J Xt =0) Pr(yee = U j X = 1)

Proportion exceeding median.  Assuming an increase is desirable, the case-wise
proportion exceeding the median (PEM) would be:
PEM =Pr(ye > Median(yct j Xet = 0) j Xet = 1)

+0:5 Pr(ya = Median(Yg j Xt = 0) j Xet = 1)

Model estimation
Handling large R

When the number of unique values in the datdR) is large, estimating the threshold
vectors, each consisting oR 1 elements, becomes challenging. To address this issue, we
draw on techniques from the literature on ordinal models for continuous data (Manuguerra
& Heller, 2010; Manuguerra, Heller, & Ma, 2020). Speci cally, we use I-splines (Ramsay,

1988) to approximate the thresholds, which helps enforce the monotonicity constraint on
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the threshold vectors. The spline basis functions will have as many rows as there are
elements in the threshold vector. The number of columns, or degrees of freed@)
indicates the complexity of the splines, with more columns allowing for the representation
of more complex functions. Additionally, the degree of the splind®) captures their
smoothness: a spline of degree zero is a step function, while a spline of degree two is

piecewise quadratic. To estimate the threshold vector, we assume:

8

%nzo;pzo fR=2
n=0;p=R 1 if3 R 10
%nzz;p:R 3 if11 R 20

n=2; p=18 if R> 20

For binary outcome variables, the lone threshold is assumed to be 0, and we do not
estimate the threshold vectors. For datasets with 10 or fewer unique data points, we
estimate all thresholds directly. For datasets with more unique data points, we use
guadratic splines to approximate the thresholds. We assume that 18 degrees of freedom are
always su cient to approximate the threshold vector when there are more than 20 unique

data points.
Bayesian estimation

Given the complexity of the model at hand, we employ Bayesian estimation to

augment the information in the likelihood(Levy & McNeish, 2023) such that parameter

2 Since we relax the proportional odds constraint, we e ectively have two intercepts: . for the control

phase, and .+ . for the treatment phase. In ordinal regression, estimating the regression intercept
requires estimating one less threshold parameter. This is because all thresholds and the intercept cannot be
jointly identi ed unless there is a constraint on the thresholds. However, since we estimate the thresholds
using I-splines, and the left boundary of I-splines is guaranteed to be 0, an intercept is necessary to adjust
the level of the I-splines. We centered the I-splines basis functions at 0.5 to ease estimation e ciency. This
centering means the left boundary of the curve will not necessarily be zero, potentially eliminating the need
for an intercept. However, since we penalized the spline weights (see the section on Bayesian estimation on
page 11), we need an intercept to ensure the curve is exible enough to capture extremely high initial or
extremely low nal thresholds. Such extreme initial or nal thresholds can arise when most of the observed
responses are either the smallest or the largest unique response value.
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estimates are more e cient than they would be in the absence of any prior information.

We now describe the prior choices for parameters:

¢ N (o )i ¢ N (o )i o N(05); o N (0;25);[ ; 1 t°(3);
+1 (4)
—— Beta2;2); @'N *@© ) @ N *O ) N *(01)

where @ and @ are p-dimensional coe cients vectors for the control and treatment
spline functions, respectively. Consequently,® = ¢ @ and ® =& @ wheres?

denotes ther-th row of the spline basis functions.

The priors in equation 4 are mostly weakly informative priors (Lemoine, 2019) that
aim to keep the parameters within realistic ranges given the probit response scale. The
priors on ), however, are intended to regularize the spline weights towards zero,

improving their accuracy (Ruppert, Wand, & Carroll, 2003, section 5.5).

We believe these priors will be adequate for most scenarios, but we also encourage
researchers to make them more informative when substantial prior evidence is available.
Examples include more informative priors on the autocorrelation coe cient, , or the
average treatment e ect, (.3 , is akin to a standardized mean di erence with the residual
standard deviation as the e ect size denominator, since the model assumes that the

regression residual standard deviation is one (has a unit diagonal).

One advantage of using a Bayesian approach is that e ect sizes can be computed
within each iteration of posterior sampling, thus we can realize the distribution of e ect
sizes. The model above and e ect sizes are implemented in tb&rhom package in R
(Uanhoro, 2025). We now turn to data demonstration exercises to illustrate the model's

behavior with SCD data.

3 Although it is possible to modify the Bayesian code to use more informative priors, the package does not
currently support this feature, but it will in future versions.
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Data demonstrations

We present two data demonstrations with ABAB designs, using data from Tasky et
al. (2008) and Shogren, Faggella-Luby, Bae, and Wehmeyer (2004). Tasky et al. (2008)
data are the number of times out of six that participants were able to stay on-task and are
discrete. The Shogren et al. (2004) study is a systematic review of nine studies on the
e ect of choice-making, compiled and reanalyzed by Pustejovsky (2015) and available in
the SingleCaseER package (Pustejovsky, Chen, & Swan, 2023); most of the outcome

measures were proportions.

We analyze the data using the hierarchical ordinal model (HOM) above. We
examine e ect size convergence using tHR statistic (preferably below 1.01) and e ective
sample size (preferably above 400, Vehtari, Gelman, Simpson, Carpenter, & Birkner,
2021). These expectations were matched for all e ect sizes with few exceptions. These
exceptions occurred when the data were insu cient to estimate uncertainty about some

e ects, such as case-level data with 100% NAP estimate based on sample statistics.

For the Tasky et al. (2008) study, we examine model t using posterior predictive
checking (Gelman, Meng, & Stern, 1996; Rubin, 1984). Precisely, we ask: how well does
data generated from the model (or the model's claims about the data) re ect the observed
data? Since we use Bayesian estimation to augment the information in the data, we expect
that the model's claims about the data should re ect the observed data. We make this
assessment by comparing the distribution of the data according to the model to the

distribution of the data.

After tting the models, we compute e ect sizes based on the model. We focus on
the NAP for Shogren et al. (2004) study. Since outcomes in the Tasky et al. (2008) study
can be expressed as proportions, we compute the log odds and rate ratios, in addition to
non-overlap e ect sizes, the NAP and PEM. We also compare the estimates to those
obtained using standard e ect size computation methods, as obtained from the

SingleCaseESackage. This means the log rate and odds ratios included small-sample
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bias-corrections (Pustejovsky, 2015). The NAP statistic is based on counting pairwise
comparisons, with con dence intervals based on the method by (Newcombe, 2006, method
5). The PEM is similarly counting-based, but its sampling distribution is yet to be
described. We refer to these standard e ect sizes e e ect sizes. Similar to e ect sizes
returned by the HOM, the raw e ect sizes assume no time trend in the data. Unlike e ect
sizes returned by the HOM, inferences about the raw e ect sizes assume independent data
points within each phase. All data demonstration details, including R code, are reported in
the demo.html le in the online OSF repository.

Figure 1
Tasky et al. (2008): Time series

Note. B phases are intervention periods. The goal was to increase the number of times out of 6
that each participant stayed on-task.

Tasky et al. (2008)

The Tasky et al. (2008) time series are shown in Figure 1. A casual visual
inspection suggests that the intervention is successful at increasing on-task behavior for

Amber and Rebeccah the results are less clear for Cara. We t the HOM and assessed
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model t using posterior predictive checking see Figure 2. The frequency of each
observed response and the expectations based on the model for the overall sample and by
case are generally aligned, suggesting that the model re ects patterns in the data. The
degree of autocorrelation for these data was uncertain and likely small, estimate = -0.04,
95% credible interval (Crl) [-.39, .31].

Figure 2
Tasky et al. (2008): Posterior predictive checking

Note. Bar charts show the frequency of each count. Error bars show the expected range of each
count based on the model. Both raw data and model-based expectations should be aligned.

We now turn to estimation of non-overlap e ect sizes, reported in panel A of Figure
3. The HOM NAP estimates for Amber and Rebeccah are very large (about 90%) and
fairly certain, matching our casual visual inspections. Cara's NAP, while large on average
(about 70%), is much less certain with a 95% Crl extending from about 50% to 85%. The
results using standard methods largely agree with the HOM, with one noticeable di erence:
standard methods result in wider intervals than HOM intervals. This happens because the
HOM borrows information across cases. For the PEM, the HOM is able to return intervals,

and these results tell a similar story to the NAP-based patterns.
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Figure 3
Tasky et al. (2008): E ect sizes estimates with 95% intervals

Note. Panel A. Non-overlap e ect sizes. Panel B. Location-based e ect sizes. There are n@mw
intervals for the PEM as its sampling distribution is not yet described. Hierarchical ordinal model
(HOM) point estimates are posterior medians. All of Amber's treatment data points were 100%.
Accordingly, there is no uncertainty about her treatment sample mean, and her sample log odds
ratio is unde ned.
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The rst location-based e ect size we report is the mean of each case in each phase,
see panel B of Figure 3. The HOM means have narrower intervals than thelistribution
intervals for the sample means. All of Amber's treatment data points were 100%.
Accordingly, there is no uncertainty about her treatment sample mean. Amber's raw log
odds ratio is also unde ned. However, since the HOM borrows information across cases
and places a weakly-informative prior on coe cients} the HOM estimates Amber's log

odds ratio to be both very large and highly uncertain.

The raw log odds ratios for other cases are slightly smaller and have narrower
intervals than the HOM log odds ratios. This is due to the bias correction applied to these
estimates. Finally, the log rate ratios returned by the HOM have narrower intervals than

the raw log rate ratios, likely due to borrowing information across cases.
Shogren et al. (2004)

For these data, we t a separate model for each study, outcome measure,
measurement scale (percentages, counts, or rates), and e ect direction (increase or decrease
desired), leading to 13 di erent models across the nine constituent studies. This
demonstration allows us to observe the estimation of e ect sizes across various problems.
For example, the analysis oflisruptive behaviors in the study by Frea, Arnold, and
Vittimberga (2001), all participants in Kern, Mantegna, Vorndran, Bailin, and Hilt (2001),
undesirablebehaviors in Powell and Nelson (1997), Riley'sroblem behaviors in Romaniuk
et al. (2002) anddisruptive behaviors in Seybert, Dunlap, and Ferro (1996) were analyses
with a single participant, so there is no borrowing of information across participants. At
the other end, ve of six cases in the Romaniuk study are in a single model, enabling
information borrowing across cases. Case-wise HOM and raw NAP estimates are presented

in Figure 4.

4 In the situation that all of the data are Amber's and there was no other case to borrow information from,
the treatment e ect in equation 4 would reduce to (. This coe cient has a N (0; 2:5) prior, such that
Amber would still have a log odds ratio based on the constraints de ned by the prior.
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Figure 4
Shogren et al. (2004): E ect sizes estimates with 95% intervals

Note. We show the autocorrelation coe cient with its 95% interval under the measures. Hierar-
chical ordinal model (HOM) point estimates are posterior medians.
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Behavior of NAP estimates for multiple participant analyses. For analyses
with multiple participants, we see the same patterns identi ed in the Tasky et al. (2008)
results: HOM estimates are more similar across participants and have narrower intervals
than the raw NAP estimates. However, when a patrticipant is highly dissimilar from others
(e.g., Christy in the Romaniuk et al. (2002) study), their HOM NAP intervals are not
narrower than the raw NAP intervals. In Christy's case, the HOM NAP intervals
communicate skepticism that her NAP estimate is above 50% as compared to the raw NAP
intervals whose 95% interval is clearly above 50%. We show the time series for these ve
Romaniuk et al. (2002) study cases in Figure Al in appendix A. The supplementary
demonstration le (demo.html)) also includes checks for Christy, which suggest the HOM

reasonably captures her data.

Behavior of NAP estimates for single participant analyses. The behavior of
HOM NAP estimates relative to raw NAP estimates depends on how extreme the NAP
estimate is. When the NAP estimate is extreme (e.g., Shannon and Danny in Kern et al.
(2001) or Evan in Powell and Nelson (1997)), the HOM estimates are less extreme than the
raw estimates and have narrower intervals. This is the result of the weakly-informative
prior on the treatment e ect in the HOM, o N (0;2:5). When the NAP estimates are
not extreme (e.g., Riley in Romaniuk et al. (2002) or Bob in Seybert et al. (1996)), the
HOM estimates produce similar intervals to the raw estimates since the weakly-informative

prior on the treatment e ect has less of an impact.
Simulation studies

We conducted two simulation studies to examine the HOM's ability to estimate
several e ect sizes for two common response scales in single-case research: unbounded
counts in Study 1 and percentages (often obtained from bounded counts) in Study 2. For
both studies, we are interested in the accuracy of e ect size estimates at the level of each
case within a study. We focus on simple treatment-reversal designs. For studies with this

design to be eligible to meet the What Works Clearinghousg#tandards with reservations
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there must be two phases per condition with at least three data points per phase (What
Works Clearinghouse, 2022, pg. 113). Accordingly, we simulate data according to an

ABAB design, with at least three data points per phase, for all studies.
Study 1 Unbounded counts

Data generation process

Ze N1( ¢ )i a= ¢+ ¢ Xy = £ Vilforisj 2f1:::;Tg; (5)
Xet = tkl mod 2 (6)
¢c N (o5 2); ¢ N (o5 2); (7)
Yo Poisson (expgc)) (8)

wherex.. is an indicator for a treatment phase measurement. Given this DGP, the count

vector for each casey., is a multivariate Poisson log-normal variable (Aitchison & Ho,

1989). The case-speci ¢ mean on the latent scale is dependent on a hierarchical model, with

separate random-e ects on both the case baseline leel) and the case treatment e ect

( ¢). The latent multivariate normal variable has a scale of; and an autocorrelation of .
Given this DGP, the means, variances, and correlations for the observed counts are

(see equations 2.3 2.6 in Aitchison & Ho, 1989):

E(Ye) =exp( «+05 )= «; 9
Var (yct) = ct + gt (exp( tt) 1) (10)
Corr(yii ) = 1 oels) 1 - (11)

exp(i) 1+ ;' exp(y) 1+ ;' °

Data generated under this process will necessarily be overdispersed sMady.) > .

Additionally, the observed autocorrelation will have a lower magnitude than the latent
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correlation.

Figure 5
Autocorrelation on count scale

Note. Cells with larger correlations are darkened. Correlations vary as a function of latent auto-
correlation and the means of the pair of correlated data points. ForAcross, one data point is in
the control phase with the other in the treatment phase.

We varied several values in the DGP above. There were three levels of
exp( o) 2 f 5;15, 259 matching data with median baseline counts of 5, 15. and 25
respectively across all cases. This covers the range of baseline frequencies commonly found
in single-case studies, based on a 2023 review of measurement procedures in single-case
designs (Pustejovsky, Swan, & English, 2023). We had ve levels of
exp( o) 2 f 1=2;2=3; 1; 3=2; 2g re ecting treatment e ects ranging from halving the median
baseline level to doubling the median baseline level across all cases. We varied the degree
of latent autocorrelation from none to high autocorrelation, 2 f 0;:3;:75g see Figure 5
for the observed scale correlations averaged over cases based on equation 11. We also
varied the number of casesC 2 f 2;3;4g. We xed the latent multivariate normal scale
parameter, ;, to 0.25, a small but signi cant value such that the observed counts were
never extremely high. We also xed the random-e ect scale for the hierarchical models on
the latent mean coe cients, »,, to 0.15 for similar reasons. The ABAB design had three

phase length levelsk 2 f 3;5; 10g measurements per phase. In total, there were 405 design
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conditions(3 ¢ 5 ¢ 3 3C 3k). Finally, we note that the simulation study by Swan and

Pustejovsky (2018) served as a guide for the levels of some of the design factors above.

Figure 6
Expected values of non-overlap e ect sizes by simulation condition

Note. Cells with larger e ects are darkened. The expected e ects depend on the autocorrelation
and phase-length, so we show the minimum and maximum expected values. The range of the NAP
is greater than the range of the PEM.

E ect sizes

We are interested in estimating the case-wise treatment e ects. In addition to the

non-overlap indices, we also track the case-wise log rate ratio (LRR). The LRR for casks

.. We obtained the average NAP and PEM given,, o, and ; (xed at 0.25) using
Monte Carlo methods (the OSF repository contains code to implement these methods);
these statistics varied by phase-length and autocorrelation. These e ect sizes are reported
in Figure 6.

We used the proposed ordinal model to estimate the three e ects for each case. For
each model, we requested 1000 posterior samples across three chains and discarded the rst
500 samples per chain. This left 150®00 3 chains) posterior samples per case-wise
e ect, on which we based inference. For the point estimate, we relied on the posterior
mean. For uncertainty quanti cation, we relied on the 90% quantile interval. We did not
use the 95% interval because a more extreme interval may require more posterior samples
for stable estimation.

For our business-as-usual or standard methods, we estimated all three e ects as

implemented in the SingleCaseESyackage.
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Outcomes

Let R be the number of simulation iterations per condition, we seR = 500.
Accuracy. We were interested in the accuracy of the proposed method compared

to the standard approach for csgmputing the three e ects ahove, so we computed the root

P = 2
mean squared error RMSE = % iRzl é 5:1 ~ ic to compare the proposed

model to the methods based on sample statistics, wheg was the point estimate for some
e ect, , for casec in simulation iteration i. Then we computed the percentage change in
RMSE with the RMSE based on sample statistics as a baseline. We expect the proposed
method to be relatively more accurate when there are more cases, as there will be more
borrowing of information. We also expect the di erence in accuracy to be reduced when
the phase length is longer, as the sample statistics will be more stable due to having more
data available.

Coverage of the 90% interval.  We were interested in the ability of the proposed
method to maintain adequate coverage, so we computed the percentage of times the 90%
guantile interval included the true parameter at the level of each case-wise e ect. We hope
this value is 90% for e ects from the proposed model and deem coverage in (87.5%, 92.5%)
and (85%, 95%) as ideal and acceptable, respectively. We expect the sample statistic based

e ects to have less than adequate coverage when the latent autocorrelation is non-zero.



Figure 7
Simulation Study 1: Relative accuracy of HOM e ect sizes
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Note. % drop in RMSE s reported in each cell, and cells with lower RMSEs are darker. Note that e ect sizes on the x-axis are averaged  ,
over some conditions, though the amount of averaging is minor. See Figure 6 for population parameters. e
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Results

We present results as Figures; seudy 1 tables.xIs)xn the OSF repository for the

results in tables.

Accuracy. The HOM e ect sizes were more accurate than standard e ect sizes
across all conditions, see Figure 7. For the LRR, the drop in RMSE ranged between 5%
and 34%. For the NAP, the drop in RMSE ranged between 7% and 41%. For the PEM, the
drop in RMSE ranged between 18% and 50%. This result is to be expected given the
bene ts of borrowing information across cases. For each e ect, the relative accuracy
improves with more cases. And given a number of cases, the relative accuracy decreases

with increased phase length.

Coverage. The HOM e ect sizes often had acceptable coverage, i.e., in (85%, 95%)
(see Figure 8). Coverage was very rarely less than 85% and sometimes more than 95%.
Coverage was more than 95% when the e ect was very extreme (e.g., the smallest and
largest PEMs when the baseline frequency was high) and the phase length was short.
Coverage was more likely to be low given the combination of long phase length and high

latent autocorrelation. This was especially common for the LRR.

Additional HOM results. We also examined bias of the HOM estimates,
reported in Figure B2 in appendix B. The HOM estimates were somewhat biased towards
the null, such that estimates were often less extreme relative to their respective population
parameters. We also examined the returned autocorrelation. As noted in the DGP section,
the response scale autocorrelation is always less than the latent autocorrelation and
depends on phase means, such that the autocorrelation should be estimated separately by
phase. However, the HOM, as developed, estimates a single autocorrelation parameter, so
we are unable to compute autocorrelation bias. Hence, we report the bias-corrected
coverage of the autocorrelation parameter. The coverage was often adequate except under
high latent autocorrelation coupled with non-short phase-lengths, see Figure B1 in

appendix B. This pattern arises because the same latent autocorrelation yields di erent
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autocorrelations for the control and treatment phases on the count scale. This di erence is
greater for larger latent autocorrelation (see Figure 5), resulting in suboptimal HOM
autocorrelation recovery. The problem becomes more severe at longer phase lengths
because data from longer phases provide more evidence against the assumption of identical

autocorrelations between the control and treatment phases on the count scale.



Figure 8
Simulation Study 1: Empirical coverage of 90% uncertainty intervals of HOM e ect sizes
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Note. Coverage is reported in each cell. Cells with adequate coverage have fainter text. Note that e ect sizes on the x-axis are averaged

N
over some conditions, though the amount of averaging is minor. See Figure 6 for population parameters. ~
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Results for sample statistics based e ect sizes. These methods analyze data
separately for each case, so the number of cases is not a factor in performance. The bias in
these estimates was ignorable, see Figure B3. However, the returned intervals often
demonstrated severe undercoverage, see Figure B4. Undercoverage was more severe for
both the LRR and NAP as the latent correlation increased. Undercoverage was also a

problem for extreme values of NAP, regardless of the latent autocorrelation.
Study 2 Bounded counts

Study 2 shared several elements with Study 1. The data generation process for data
in this study shared equations 5 and 7 for simulating latent normal variables. However, the
observed countsy. were assumed to be binomial,,  Binomial (10;[1 + exp( z«)] 1),
where 10 is the number of trials, and the probability of success was a logit-normal variable.
Hence, the distribution of observed counts was multivariate binomial logit-normal (Coull &
Agresti, 2000).

We varied several values in this DGP. There were three levels of
exp( o) 2 f 10% 20% 40%g matching data with median baseline probability of success of
low to average across all cases. This approximately matches the range of baseline
proportions common in single-case studies where an increase in this proportion is desired
based on a 2023 review of measurement procedures in single-case designs (Pustejovsky,
Swan, & English, 2023). Unlike Study 1, we did not consider the reverse where a decrease
in the proportion is desired since the binomial logit-normal distribution behaves similarly
at low and high probabilities. We had three levels oéxp( o) 2 f 1; 3=2; 29 re ecting
treatment e ects ranging from null to doubling the median odds of the baseline level on
average across all cases. We varied the degree of latent autocorrelation from none to high
autocorrelation, 2 f0;:3;:753. Unlike the multivariate Poisson log-normal, the moments
of the multivariate binomial logit-normal do not have an analytic solution. We also varied
the number of casesC 2 f 2; 3;49. We varied the logit-normal scale parameter,

1 2 £ 0:5;1g to re ect varying levels of overdispersion. Unlike Study 1, increases iR will
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not result in extremely high counts. We xed the random-e ect scale for the hierarchical
models on the latent mean coe cients, ,, to 0.15 to keep the number of design conditions
manageable. As with Study 1, we chose an ABAB design with three phase length levels,
k 2 f 3;5;10g measurements per phase. In total, there were 486 design conditions
30303 3C 2; 3Kk).

We repeated each design condition 500 times, as in Simulation Study 1, and

maintained accuracy and coverage as primary outcomes.
E ect sizes

We are interested in estimating the case-wise treatment e ects. In addition to the
non-overlap indices, we also track the case-wise log odds ratio (LOR). The LOR for case
is .. We obtained the average LOR, NAP and PEM given,, o and ; using Monte Carlo
methods (available in the OSF repository). These e ect sizes are reported in Figure 9.

Figure 9
Expected values of e ect sizes by simulation condition

Note. Cells with larger e ects are darkened. The expected PEM and NAP depend on the autocor-
relation and phase-length, so we show the minimum and maximum expected values. The range of
the NAP is greater than the range of the PEM.

We maintained the same MCMC estimation settings for estimating the e ect sizes
as in Simulation Study 1, and also estimated the sample statistics based e ects using the

SingleCaseEYackage.



Figure 10
Simulation Study 2: Relative accuracy of HOM e ect sizes
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Note. % drop in RMSE is reported in each cell, and cells with lower RMSEs are darker. Note that e ect sizes on the x-axis are averaged

w
over some conditions, though the amount of averaging is minor. See Figure 9 for population parameters. o



Figure 11
Simulation Study 2: Empirical coverage of 90% uncertainty intervals of HOM e ect sizes
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Note. Coverage is reported in each cell. Cells with adequate coverage have fainter text. Note that e ect sizes on the x-axis are averaged

w
over some conditions, though the amount of averaging is minor. See Figure 9 for population parameters. =
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Results

The patterns of results were similar to Study 1, with somewhat more desirable
performance for the HOM. We note that the range of e ects in this study did not include
as extreme e ects as there were in Study 1. We present results as Figures; see
study_2_tables.xIsxn the OSF repository for the results in tables.

Accuracy. We found the same pattern of results as in Study 1: the HOM e ect
sizes were more accurate than standard e ect sizes across all conditions, see Figure 10. For
the LOR, the drop in RMSE ranged between 8% and 45%. For the NAP and PEM, the
drop in RMSE ranged between 18% and 48%.

Coverage. The HOM e ect sizes often had acceptable coverage, i.e., in (85%, 95%)
(see Figure 11). Coverage was never less 86%, so under-coverage was not a problem.
However, coverage was often more than 95% for the PEM.

Additional HOM results. We also examined the bias of the HOM estimates,
reported in Figure C2 in appendix C. The HOM estimates were sometimes notably biased.
With regard to bias-corrected coverage of the autocorrelation parameter, the coverage was
often adequate except under high latent autocorrelation coupled with non-short
phase-lengths, see Figure C1 in appendix C.

Results for sample statistics based e ect sizes. The bias in these estimates
was negligible, see Figure C3. Additionally, the returned intervals had adequate coverage
when the latent autocorrelation was zero, see Figure C4. As would be expected,

undercoverage became a problem as the latent autocorrelation increased.
Discussion

We have presented a method for computing case-wise non-overlap goadametric
e ect sizes for SCD data with treatment-reversal designs. We have demonstrated the
method with real-world datasets and shown its desirable performance via simulation. This
work addresses key limitations in existing SCD e ect sizes, including the inability of

traditional non-overlap indices to account for autocorrelation, provide reliable uncertainty
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guanti cation, or borrow information across cases. The proposed HOM o ers enhanced

precision and robustness in SCD e ect size estimation.

Although we have focused on computing non-overlap e ect sizes, we note that the
method is much more general, with potential as a general model for analysis of SCD data.
Potential extensions of the method include computing design-comparable e ect sizes
(Pustejovsky, Hedges, & Shadish, 2014) or conducting meta-analysis of multiple single-case
studies. The current model has all the elements needed to compute an estimate of the
between-case standardized mean di erence, assuming no time trend. However, additional
random e ects would be needed to capture di erences across studies for meta-analyses.
Exploring these extensions to facilitate such analyses would bridge the gap between SCD
and broader evidence synthesis, enabling researchers to contribute to the growing body of
meta-analytic research in the behavioral and educational sciences. We intend to explore

these extensions in future studies.

SCD data often have limited samples, making it di cult to verify or critique
distributional assumptions. If SCD data are assumed unidimensional, then they are also
ordinal. Hence, the assumption of ordinality (while accommodating autocorrelation) is an
appealing aspect of the proposed method, as it respects the discrete nature of behavioral

measurements

The practical implications of this method are signi cant for single-case researchers.
The HOM enables researchers to derive e ect sizes that are not only more precise but also
accompanied by uncertainty intervals, addressing the long-standing issue of uncertainty
guanti cation in SCD analysis. Additionally, the Bayesian framework allows for
regularization and the incorporation of prior knowledge, which can be especially useful in
studies with short phase lengths or low variability. These features are critical for
practitioners seeking to make informed decisions about intervention e ectiveness,

particularly for low-incidence populations where data points may be few.

Inherent to the model as developed is the assumption that di erent cases within the
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same study are similar, such that the results of one case should inform what we learn about
other cases. As shown in both simulation studies, this assumption built into the model can
improve the accuracy of case-speci ¢ estimates. Within a single-case study, a researcher
could obtain standard e ect sizes for a case that con ict with the e ect sizes from the

HOM approach. This can occur for two reasons: (i) the single case is markedly di erent
from other cases; (ii) the case's data are not informative, possibly due to short phase
lengths. The researcher may then wonder if the HOM estimates for the case are accurate.
In such situations, we recommend case-wise posterior predictive checking as shown in
Figure 2. When the HOM reasonably captures the data for a case, we believe the estimates

for the case may be trustworthy.

One of the assumptions of the model, as developed, is that time speci cally a ects
the outcome via an autocorrelation process. One could relax this assumption by estimating
a more general correlation structure, such as via latent case-speci ¢ Gaussian processes
(Rasmussen & Williams, 2005). Gaussian processes are appealing due to their adaptability
and ability to model complex data. This could enhance the model's exibility, allowing it

to accommodate more complex behavioral data patterns.

Another development would be better-developed model criticism. In the
demonstration with data from the Tasky et al. (2008) study, we used posterior predictive
checks of the frequency of each observed response to assess the model's capacity to re ect
patterns in the data. However, the limited amount of data makes it di cult to extensively
criticize the model. Future work should focus on developing methods that allow researchers

to systematically evaluate model t, even in the presence of limited data.

In summary, the HOM introduced in this study o ers a robust solution for
analyzing SCD data and addresses a longstanding gap in the statistical infrastructure for
non-overlap e ect sizes. By providing a framework that explicitly accounts for
autocorrelation, uncertainty, and ordinality of behavioral data, the model represents a

signi cant advancement in the eld. The development of the accompanying R package
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increases accessibility, enabling researchers to readily apply the method to their data.
Future research should focus on expanding the model to accommodate additional SCD
designs (e.g., multiple-baseline or alternating treatments), explore integration with
meta-analytic frameworks, and investigate methods for modeling complex temporal
dynamics. These directions will help ensure that the HOM continues to evolve as a

foundational tool for rigorous, interpretable, and exible analysis of SCD research.
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Appendix A

Additional results from data demonstration

Figure A1l
Romaniuk et al. (2002): Time series for five cases
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